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Abstract 

We investigated the elastic scattering problem with deformed Heisenberg algebra leading to the existence 
of a minimal length. The continuity equations for the moving particle in deformed space were constructed. 
We obtained the Green's function for a free particle, scattering amplitude and cross-section in deformed 
space. We also calculated the scattering amplitudes and differential cross-sections for the Yukawa and the 
Coulomb potentials in the Born approximation. 



1 Introduction 

In recent years a number of works were devoted to the investigation of the quantum mechanical problems 
with deformed commutation relations. Such an interest was prompted by several independent lines of 
investigation in string theory and quantum gravity which proposed the existence of a finite lower bound to 
a possible resolution of length Q31U12]. Kempf et al. argued that the minimal length can be obtained from 
the deformed (generalized) commutation relations [4] [5j [6] [8] . But it should to note that the deformed 
algebra leading to a quantized space-time was originally introduced by Snyder in the relativistic case [5]. 
The deformed algebra leading to the existence of a minimal length in D-dimensional case reads 

[X^Pi] = ih(Sij{l + /3P 2 ) +/3'PiPj), [P,Pj] = 0, 

ry yl . j2/3-p') + (2f3 + f3')f3P\ D (1) 

[Xi,Xj\ = ih + f]p2 [PiXj - PjXi), 

where j3, /3' are the parameters of deformation. We assume that these quantities are nonnegative (3, /?' ^ 0. 
Using the uncertainty relation one can obtain that minimal length equals ft y/ /3 + f3' . 

Deformed Heisenberg algebra {1} causes new complications in solving quantum mechanical problems. 
There just a few known problems for which the energy spectra have been found exactly. They are one- 
dimensional harmonic oscillator with minimal uncertainty in position [5j and also with minimal uncertainty 
in position and momentum [101 111] , D-dimensional isotropic harmonic oscillator [121 113] , three-dimensional 
relativistic Dirac oscillator Q3] and one-dimensional Coulomb problem [15| . 

The hydrogen atom problem has the crucial role for the understanding of the key points of modern 
physics. So it is interestingly to study this problem when the position and the momenta operators satisfy 
the deformed commutation relations ([TJ). The Coulomb problem in deformed space with minimal length was 
firstly considered by Brau in the special case 2/3 — /3' [IB]. The general case of deformation 2/3 7^ was 
examined in Ref. [17| . The authors utilized perturbation theory for calculating of the corrections to the 
energy levels. But the perturbation theory used by the authors did not allow to obtain the corrections for the 
s-levels. To avoid this problem the authors used the cut-off procedure and the numerical methods. In our 
work [18] a modified perturbation theory allowing to calculate corrections for arbitrary energy levels including 
s-levels was developed. In [19] a modified perturbation theory was used for finding of the corrections to the 
ns-levels of the hydrogen atom. 

It is evidentially that the scattering problem is a key one because it can also manifest noncommutative 
effects on the experimental level. At the same time as far as we know there were no papers on the investigation 
of the quantum-mechanical scattering problem in deformed space with minimal length described by algebra 
JT]). There are only a few papers where scattering problem on the noncommutative space with canonical 
deformation [X%, Xj] = idij was considered [2UI 1211 |2"2"] . 
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In this work a scattering problem in the deformed space with minimal length is studied. We consider 
the elastic scattering on Yukawa and Coulomb potentials. This paper is organized as follows. In the second 
section we construct the continuity equation for the moving particle in the deformed space. In the third 
section we obtain the expressions for the scattering amplitude and the differential cross-section. In the fourth 
section we calculate the scattering amplitude and the cross-section in the Born approximation. And finally 
the fifth section contains the discussion. 



2 Continuity equation 



Before considering the scattering problem in deformed space it is necessary to establish continuity equation at 
first. The construction of the continuity equation in deformed space for the particle moving in the arbitrary 
external field is more complicated than in the case of ordinary quantum mechanics. Since the main goal of 
our paper is the scattering problem for a particle in the external Yukawa and Coulomb fields we investigate 
the continuity equation for these particular problems only. 

Let us consider the particle in deformed space described by the Hamiltonian 

H=^ + U(R), (2) 

where U(R) — — e 2 ^—B — is the Yukawa potential. The operators of position Xi and momentum Pi obey the 

deformed commutation relations ^ and R = y^X]i = i Xf is the distance operator. The Coulomb potential 
can be obtained from the Yukawa potential in the limit A = 0. 

For constructing the continuity equation we write the Schrodinger equation 

ih^t = Rip. (3) 

One can write the following relation using equation Q 

^ = ^{rm-m*), (4) 

where p = |-)/>| 2 and the Hamiltonian is real: H* = H. 

Then for constructing the continuity equation it is necessary to use the representation of the operators of 
positions and momenta satisfying the deformed commutation relations ([T}. The momentum representation 
for such an algebra is well known, but it is not convenient for us. We use the following representation that 
fulfils algebra fTJ in the first order in 0, /?' 



Y W-P' I 2^ 2 v 

Xi = Xi H [x t p +p x t ) 



Pi=Pi+ -jPiP ' 



(3) 



where p = YLj=iPj an d the operators Xi, pj satisfy the canonical commutation relation. The position 
representation Xi = Xi, pj = iftgf- can be taken for the ordinary Heisenberg algebra. We notice that 
in the special case 2/3 = /3' the position operators commute in linear approximation over the deformation 
parameters, i.e. = 0. 

We rewrite Hamiltonian ([2} using representation ((5| and develop it with respect to /3, /3' up to the first 
order. The main problem is related with the expansion of the distance operator R and inverse distance 
operator 1 / R. In our previous paper |18| for the elimination of divergent term 1/r at r — in the expansion 
of R and as a consequence 1/r 3 in 1/R we proposed the so-called shifted expansion. So for R we have |18| 



R = ^ r 2 + b 2 + -(rp 2 +p 2 r), (6) 

where a = (2/3 - (3')/2 and b = hV2a. 

Using expansion ((§} we can represent decomposition for the inverse distance operator just as it was done 
in [18] 

1 1 a ( 1 2 2 1\ ,„s 

o \-P +P ~ ' ( 7 ) 



R Vr 2 + b 2 2 Vr r r 
For the expansion of the exponential operator we use the T-exponent representation 



/ Cxp - / dA'e A V- + D "( r p- + p- r ) e - A + - . ( 8 ) 
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In this paper we restrict ourselves to the first order approximation over the deformation parameters. So 
we develop the T-exponent operator into the series and take into account only the first order terms in a. 



Then we use the explicit form for the operator p 
expression ([8J in the following way 

*2 



-h V and after simple transformations we represent 



e A [V^+§(^ 2 +^)] =e -^V^ ( 1+ ^_J d A'[2A' 2 r-2A'((rV) + (Vr))+rV 2 + V 2 r] 



(9) 



Using expansion J7J for the inverse distance and decomposition (O we represent the Yukawa potential 
in the form of 



+ 2j_ e _ * p , z\ 3 r - A a ((rV) + (Vr)) + A(rV" + VV 



U(R) 



R 



Vr 2 + b 2 + 2 



ah 2 



iv 2 

r 



, 1 



+ 



ah 2 e 



A 2 ((rV) + (Vr)) + A(rV 2 + V 2 r)) + ^-e" 



9X1 1 

— -2Ai((rV) + (Vr))i 
r r r 



3 r ~ 



= t/(r,p) 



(10) 



and we note that here p = —iftSJ. 

Thus Hamiltonian ([2]) in canonical variables reads 

" 2 I3'P 4 



H 



(ii) 



We substitute Hamiltonian (|lip in relation @ and take into consideration the explicit form for the 
operator p 2 = — ft 2 V 2 . After simple transformations we obtain 

e 2 h 2 {2f3-f3') 



<9t ift 



fc2 a/t4 

— (^'v^ - ^W) + - — (^*v 3 i/> - t/>v 3 ^* - v^v 2 ^ + v^v 2 v*) 

2m 2m 



(12) 



1^ ^1 
-V + V- 



A- 



(rV + Vr) 



ip — tp 



1^ r, 1 

-V + V- 



+ A (rV + Vr) 



where V 3 = (V, V)V. 

Relation (|12p can be represented in the following form 

So we have a well known continuity equation where 

s2 o'*4 
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— (ip*V^> - tpVip*) + — (^*V 3 ^ - V>VV - V</>*V 2 V> + V</>vV) - y — — : 
2m 2m 4 



(13) 



(14) 



—V + V- } + A- 

r r , 



-(rV + Vr) 



ifj — ip 



-V + V- + A 



-(rV + Vr) 



is the density current for the particle in the external Yukawa field. 

In a particular case of A = we obtain the density current for a particle in the Coulomb field 

1 / ft 2 n'h A 



2m 

h 2 e 2 {2(3 - 13') 



2m 



1^ ^1 
-V + V- 



(15) 



ip — ip 



1^ ^1 
-V + V- 



Expressions (|14[) and ()15|) for the density current in the deformed case for a particle moving in the 
external Yukawa or Coulomb fields are somewhat different from the density current in the ordinary quantum 
mechanics: we have two additional terms into the continuity equation. One of them is caused by the deformed 
kinetic energy. The second contribution is caused by the external fields. We notice that in the special case 
of 2/3 = /3' when the position operators commute in linear approximation over the deformation parameters, 



0, the potential energy does not give any contribution into the continuity equation. 



But we want to stress that in the scattering problems we calculate the density current at large distances 
from the scattering center and we can neglect the terms caused by the field. So the density current for a 
particle scattered by the Yukawa or the Coulomb fields at large distances from the scattering center takes 
the same form as for a free particle in the deformed space 



J = 



ill 



h B'f) 

— (^*v^ - vvv>*) + - — Wv 3 i> - ipv 3 ip* - v^'v 2 ^ + VV'V 2 ?/'*) 

2m 2m 



(16) 
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3 Scattering amplitude 



In this section we examine the scattering of the particle on the arbitrary potential [/(R). Position operators 
in the potential energy operator fulfil the deformed Heisenberg algebra ([1]). Using representation ((5JI the 
potential energy operator can be represented as a function of the canonical variables Xi,pf. f(R) = C/(r,p) 
(see eq. (US}). The explicit form of the potential is taken into account in the final relations only. 
Let us consider the Schrodinger equation 

We suppose that U(r, p) — > when r — > oo and at large distances from the scatterer the motion of a particle 
is free. The kinetic energy of the incident particle equals 

B=^(1+/JW), (18) 

where k is the wave vector of an incident particle and P = Kk(l + f3'h 2 k 2 ) is the momentum of a particle. 
The wave function of incident particle is 

^(r)=e lkr . (19) 

After scattering the motion of a particle is also free at long distances from the scatterer with the mo- 
mentum P' = Kk'(l + p'h 2 k' 2 ). As was noted above we consider elastic scattering so we have k' = k. 
Equation (|17p can be represented as follows 

(V 2 -/3W 4 + fc 2 [l+/Tft 2 fc 2 ])*= ^[/(r,p)* (20) 

h 2 

and as was noticed earlier p = —ihV. 

The formal solution of equation (120 ^ can be written as 

*(r) = V*(r) + J G(r, r')^U(r', p')*(r')dr', (21) 

that in fact is the integral equation and G(r, r') is the Green's function which satisfies the following equation 

(V 2 -/3'fi 2 V 4 + fc 2 [l + /3'fi 2 fc 2 ])G(r,r') =5{r-r'). (22) 

The solution for the Green's function reads 

I r e i q( r - r ') 
G(r, r') = G(r - r') = — J ^ - ^ 2fc2) _ - dq. (23) 

After integration by angular variables we have 



G ^' r) 4 l7 r 2 |r-r'| J k 2 {l + (3'h 2 k 2 ) - q 2 (l + f3'h 2 q 2 ) d<? ' ^ 

— oo 

The last integral can be calculated using the calculus of residues. Therefore, it is necessary to determine 
the contour of integration in the complex plane. So the way of enclosing the poles q = ±fc might be defined. 
The manner of enclosing the poles can be determined from the boundary conditions imposed on the Green's 
function G(\r — r'|) when r — r' — > 0. For obtaining the solution corresponding to the outgoing wave 
we choose the contour of integration similarly as we select the contour for the outgoing wave in ordinary 
quantum mechanics. Then it is easy to calculate integral (|24|l and we have 



G(|r r|J ~ 4 7 r|r-r'|(l + 2 ( 3OT) \ e )' [ ' 

Green's function for a free particle in the deformed case is somewhat different than in the ordinary one. We 
have an additional multiplier 1/(1 + 2f3'h 2 k 2 ) tending to unity when the (3' — > 0. Then in the deformed case 
we also have the additional function e - v / ' :2 + 1 /(' 3 ' h2 )l r ~ r I rapidly decreasing with increasing |r — r'|. The 
last function tends to zero when /3' — > 0. Since we want to find the asymptotic behaviour for the Green's 
function taking place when the difference |r — r'| is large we may neglect the last function. Thus the Green's 
function at large distances from the scattering center reads 
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Using this Green's function we can rewrite integral equation (|21l) in the form 



*« = *»V - tf(lTW J |F3F| ^.PWJdr'. (27) 

As was noted earlier we want to obtain the solution of integral equation (|27[) a t large distances from 
the center of scatter. The action of the potential energy operator U(r', p') on the wave function makes a 
considerable contribution to integral of equation (|27[) in the bounded domain. The action of the operator 
U(r , p') on the wave function *&(r') makes a negligibly small contribution to integral (|27[l for larger r . So 
the actual values of the integration variable r' are bounded by some effective radius of the potential energy. 
When r — > oo the ratio r'/r is small and one can use the following development 



- r'| = \Jr 2 - 2rr' + r' 2 ~ r ( 1 — H = r - nr' H , (28) 



where n = r/r is the unit vector along the direction of motion of the scattered particle. 

Then we substitute decomposition (|28f) in equation and taking into account the leading term of the 
asymptotic we represent equation (|27[) in the form 

*W=« r '-W(iT^T / ^ k '^(r'-P')*(r')d r ', (29) 

where k' = kn. 

Expression (|29[) can be rewritten as follows 



*(r) = e lkr + — /, (30) 
r 

where 

t = ~ 2^(1 + VP) / ^"C^W)^ (31) 

is the scattering amplitude. 

Expression (|30p formally coincides with the wave function of the scattering problem in ordinary quantum 
mechanics. The main difference between them is caused by different expressions for the scattering amplitude. 
As in the ordinary case the second term of the wave function (|30|) corresponds to the wave function of the 
scattered particle 

Vwt = /• (32) 

r 

The central problem of the scattering theory is the calculation of the differential cross-section. We define 
the differential cross-section similarly as it was done in the ordinary quantum mechanics 

d<r = iscattdS , (33) 
jo 

where jo is the absolute value of the current density for the incident particles, j scatt is the current density 
for the scattered particles and dS is the element of the area along the direction of motion for the scattered 
particles. The element of the area can be rewritten in the form dS = ndS where n = r/r. After introducing 
a spatial angle dQ = dS/r 2 the differential cross-section can be represented in the form 

dn j ' 1 ; 

For the calculation of the differential cross-section it is necessary to calculate the current density for the 
incident particles and the current density for the scattered particles. Substituting (I19|l into (|16|l we obtain 

jo = — (1 + 2/3' ftV). (35) 
m 

The expression for the current density of incident particles is somewhat different than in the ordinary case. 
We have the additional factor (1 + 2(3'h 2 k 2 ) tending to unity if /?' — > 0. 

Substituting function (1321) in relation (|16[) and after simple transformations we obtain the following 
expression for the current density for the outgoing particles 

j S c a tt = ^7f(l + 2/3Vfc 2 ). (36) 
Then we substitute relations (|36f) and (|35[) in expression (|34[1 and obtain 

%-Vf. <3T) 

As we see the relation for the differential cross-section formally coincides with the expression for the 
cross-section in ordinary quantum mechanics, but the scattering amplitude is defined by relation (|3ip which, 
as we noted before, is somewhat different from the ordinary one. 
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4 Born approximation 



The Born approximation can be used for finding the scattering amplitude in the deformed case. In the Born 
approximation we consider the potential energy U(r, p) as a small perturbation and the integral equation 
(|29|) can be solved by the method of successive approximation. In the first approximation we substitute the 
plane wave (|19p in expression (|3ip and taking into account the explicit form for the Yukawa potential ([TO} 
we obtain scattering amplitude 



2nh 2 (l + 2/3'h 2 k 2 ) 



-ik'r 2 

e e 



X ^T^ h 2 (2(3-/3') _ Ar /l_ a . _ 2 1\ , h 2 (2/3-(3') 



Vr 2 + b 2 



+ 



-V z + V - ] +■ 

r r , 



-X 3 r - A 2 ((rV) + (Vr)) + A(rV 2 + V 2 r) + 



h 2 (2(3~(3') _ Ar /2A 



2A-((rV) + (Vr))- 

r r r 



ikr i 

e dr. 



Then we calculate the contribution into the scattering amplitude caused by the term 



/ 



Vr 2 + b 2 

where K\ is the Bessel function [23] and 



e ■ kr e 8 i - — e' kr dr = g^fey/A^T^), 



(39) 



g = |k' — k| = 2fesin ■ 



(40) 



i? is the scattering amplitude. 

We develop the Bessel function into the series and take into account only the first order terms in b. So 
contribution (|39[) can be represented in the form 



47re 2 & 



-.K^b^X 2 + q 2 ) 



Aire 2 b 



x/A 2 + q 2 \b^T4 



+ 1- 



(41) 



A 2 + q- 



+ 2veb A In 



47re 2 . „ 2l2 I b^fxFTq 2 \ . I 



+ 7- 



where 7 = 0.57721... is the Euler constant. 

It is easy to calculate the contributions caused by another terms in integral (|38[1 . So we can write 
the scattering amplitude for the Yukawa potential taking into account the explicit form for the parameter 
b= hy/2(3 - f3' 

/Vukawa 



4tt 



2TvH 2 (l + 2f3'h 2 k 2 ) \X 2 + q 



2nh 2 (2f3- (3') 



- 1 



+ 



A 



A 2 + q 2 (X 2 +q 2 ) 2 



\ 2 

2k 2 -- 
3 



(42) 



Since we take into consideration only the first order terms in (3, /?' we can rewrite the last expression in 
the form 



_ 2me me , 

./Yukawa - ft2 ( A 2 +g 2) + ~ ^P ~ P ) 



27-1 



2fc 2 



2A 2 



A 2 + g 2 (A 2 +g 2 ) 2 



In 



2 A 2 



2ft ' - 



h (2(3 — (3')(X + q ) 
4 

4me 2 fc 2 
X 2 +q 2 ' 



(43) 



Using the scattering amplitudes for the Yukawa potential (|43p and taking into account relation (|40|) we 
calculate the differential cross-sections 



d<r 4m e 4me 

«S = ^(A 2 +4fc 2 sin 2 |) 2 + h 2 (A 2 +4fc 2 sin 2 |) ^ 2 

2fc 2 2A' 

27-I- 



-(2/3-/3') 



In 



h 2 (2(3-P') (A 2 + 4fe 2 sin 2 |) 



+ 



A 2 + 4fc 2 sin 2 § (A 2 + 4fc 2 sin 2 |) 



2 A 2 



2fc 2 - 



-0 



4me k 



A 2 + 4fc 2 sin 2 f 



G 



Putting A = we obtain the differential cross-section for the Coulomb potential 



da me me ( me 



,2 



dfi 4ft 4 fc 4 sin 4 | h 2 k 2 sin 2 f \ 2 



2 7 - f 



hi ( h 2 (2(3 - 0)k 2 sin 2 | ) + 

(45) 



2 sin 2 | 



■0 ^ 



sin 2 | 



Similarly to |17l 1181 119] we introduce two parameters Ai m i„ = h^J /3 + (or £ = Ax m i n /a) and rj = 
p^gi instead of /3 and 0. As was noted in [18] that our calculations hold if 2/3 — ^ and f3, 
are nonnegative constants. These conditions lead to the constraints on the domain of variation for the 
dimensionless parameter rj: | ^ 77 ^ 1. The last expression for the differential cross-section on the Coulomb 
potential can be rewritten using the parameters Aa; m ; n and rj as follows 

where 

C {Ax min , rj, k, tf) = 2Aa: 2 nin fc 2 (3r7 - 1) sin 2 § [in (Ai 2 nin fc 2 (3r ? - 1) sin 2 f ) 

(47) 

+2 7 -l] + A:r 2 nin fc 2 (77-3) 

is the specially introduced function which shows a correction to the differential cross-section caused by the 
deformation in terms of the wave vector. 

We represent a relation for the differential cross-section (|46|) in terms of energy of the incident particle. 
We emphasize that in the deformed case kinetic energy is given by relation (|18f) . Using (|18|l and taking into 
account only linear terms over deformation parameters we obtain 

%= **. 4 ^ [l + 8(Ax min , V ,E,^], (48) 
ail 16£ 2 sin ^ 

where 

5(A:r min , 77, E, §) = C(Az m i n , m E, &) + Ax 2 ninJ B(l - 77) = ^Ax^E^r, - 1) sin 2 § x 

(49) 

[In (^Axi^EiSr, - 1) sin 2 f ) + 2 7 - l] - 2z? Axl in E{r, + 1) 



is the specially introduced function which similarly to (|47]l shows the corrections to the cross-section but 
expresses it in terms of energy. 

Having expression (|49[) we can numerically estimate the correction to the cross-section caused by the 
minimal length effects. Relation (|49|l shows that function S depends on the four variables Aa; m i n , rj, E and 
■8. 

For the minimal length we use the upper bound obtained in [171 1181 119] . As was shown in these works 
the upper bound for the minimal length is of the order 10 -16 -f- 10 -17 m. For the calculating of S we take 
Aa; m in = 10 _16 m. The parameter 77 have an arbitrary value from its domain of variation. 

FigtU shows the dependence of S on the scattering angle for different rj and the energies of incident 
particles. We have three graphs and each of them corresponds to the given energy of incident particles. The 
function S is negative for these energies and this means that the differential cross-section in the deformed 
case is smaller than in ordinary quantum mechanics. We emphasize that in the special case rj = i the 
function S does not depend on the scattering angle and is fully determined by the energy of particle. When 
rj 7^ I the function <5 decreases with the increasing of the scattering angle. 



5 Discussion 

We studied the elastic scattering problem for the Yukawa and Coulomb potentials in the space with deformed 
Heisenberg algebra leading to nonzero minimal length. Using the shifted expansion over the deformation 
parameters f3 and we found the continuity equation in linear approximation over these parameters. The 
explicit expression for the density current contains new terms (in comparison with the undeformed case) 
caused by deformation. The terms proportional to are caused by kinetic energy in deformed space and 
the terms proportional to 2/3 — are caused by potential energy. It is necessary to stress that in contrast to 
the ordinary quantum mechanics in the case of deformation the potential energy also makes a contribution 
to the expression for the density current (see eq. QD , fl5) ). For the free particle the expression for the 
density current contains only an additional term proportional to (see eq. (1161 1'). 
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Figure 1: The dependence of S(Ax m i n , E, r], on the the scattering angle $ for different 77 and energy E of the 
incident particles. The upper graph corresponds to the energy of the incident particles E = 50keV. The middle 
graph corresponds to the energy E = 30kcV and the lower graph corresponds to the energy E — lOkcV. 
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We obtained the Green's function for the free particle in the deformed space. Using this Green's function 
we obtained the wave function of the scattering problem in the deformed space. Similarly to the ordinary 
quantum mechanics the wave function consists of two terms. One of them is the plane wave corresponding 
to the wave function of the incident free particle and the second is the divergent spherical wave which 
corresponds to the scattered outgoing particle. We also obtained the relation for the scattering amplitude in 
the deformed space. As was shown the expression for the scattering amplitude in the deformed case is similar 
to the ordinary one but with an additional multiplier 1/(1 + 2/3'ft 2 fc 2 ) tending to the unity when (3' — * 0. 
Using the relation for the scattering amplitude we found the expression for the differential cross-section. 

We calculated the scattering amplitude for the Yukawa potential in the Born approximation. Using 
this expression we found the differential cross-section for the Yukawa and Coulomb potentials in the Born 
approximation. Then we numerically estimate the corrections to the cross-section for the Coulomb (as a limit 
of the Yukawa one) potential caused by the minimal length effects. For calculations we used the estimations 
of minimal length obtained in the works [171 1181 ITS] , We revealed that in the deformed case the differential 
cross-section is smaller than in the ordinary one. Absolute value of corrections to the cross-section caused 
deformation increases with the increasing of energy and scattering angle. 
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